Let Y and Z be two fixed topological spaces and C(Y, Z) the set of all continuous maps from Y into Z. We construct and study topologies on C(Y, Z) that we call F n (τ n )-family-open topologies. Furthermore, we find necessary and sufficient conditions such that these topologies to be splitting and jointly continuous. Finally, we present questions concerning a further study on this area.
Introduction
By Y and Z we denote two fixed topological spaces and by C(Y, Z) the set of all continuous maps from Y to Z. If t is a topology on C(Y, Z), then the corresponding topological space is denoted by C t (Y, Z).
Let X be a space, F : X × Y → Z a continuous map and x ∈ X. By F x we denote the continuous map from Y to Z, for which F x (y) = F (x, y) for every y ∈ Y . Also, by F we denote the map from X to C(Y, Z), for which F (x) = F x , for every x ∈ X.
Let G be a map from X to C(Y, Z). By G we denote the map from X × Y to Z, for which G(x, y) = G(x)(y) for every (x, y) ∈ X × Y .
A topology t on C(Y, Z) is called splitting, if for every space X, the continuity of the map F : X × Y → Z implies the continuity of the map F : X → C t (Y, Z). A topology t on C(Y, Z) is called jointly continuous, if for every space X, the continuity of the map G : X → C t (Y, Z) implies the continuity of the map G : X × Y → Z (see [1] and [2] ). Let A be a fixed family of topological spaces. If, in the above definitions, we assume that the space X belongs to A, then the topology t is called A-splitting (respectively, A-jointly continuous) (see [14] ).
The Scott topology τ Sc (P ) on a poset (P, ≤) (see, for example, [15] ) is the family of all subsets IH of P such that: (a) IH = ↑ IH, where ↑ IH = x∈IH {y ∈ P : x ≤ y}. The Isbell topology on C(Y, Z) (see, for example, [18] ), denoted here by t Is is the topology with subbasis:
(IH, U) = {f ∈ C(Y, Z) :
where IH ∈ τ Sc (O(Y )) and U ∈ O(Z).
A subset K of a topological space Y is said to be relatively compact (see, for example, [17] ) if every open cover of Y has a finite subcover for K.
A space Y is called corecompact (see, for example, [15] ) if for every y ∈ Y and for every open neighborhood U of y, there exists an open neighborhood V of y, such that V is relatively compact in the space U.
Let S be the Sierpiński space, that is, S = {0, 1} with the topology {∅, {1}, S}. If Y is another topological space, then C(Y, S) = {X U : U ∈ O(Y )}, where X U : Y → S denotes the characteristic function of U,
Below we give some known results:
(1) The Isbell topology on C(Y, Z) is always splitting (see [18] ).
(2) The Isbell topology on C(Y, Z) is jointly continuous if Y is a corecompact space. In this case the Isbell topology is the greatest splitting topology (see, for example, [18] and [15] ).
(3) Each splitting topology is contained in each jointly continuous topology (see [9] ).
(4) A topology which is larger than a jointly continuous topology is also jointly continuous (see [9] ).
(5) A topology which is smaller than a splitting topology is also splitting (see [9] ).
In this paper we construct and then study topologies on the function space C(Y, Z), that we call F n (τ n )-family-open topologies. Furthermore, we find necessary and sufficient conditions, for these topologies to be splitting and jointly continuous. Section 1 contains some preliminary definitions and results. In section 2 we define topologies on C(Y, Z) that we call F n (τ n )-familyopen topologies on the set C(Y, Z). In section 3 we give basic remarks for the F n (τ n )-family-open topologies. In sections 4 and 5 we give a characterization of A-splitting and A-jointly continuous topologies for the F n (τ n )-family-open topologies. Finally, in section 6 we present questions concerning the
In what follows, the power set of a set X will be denoted by P(X). We define topologies on the set C(Y, Z) using the following steps:
Step 1. Let
For every open set U in the space Y , we set
We denote by O 1 (F 1 ) the set
Let τ 1 be a topology on O 1 (F 1 ). By t F 1 (τ 1 ) we denote the topology on C(Y, Z) for which the family of all sets of the form
forms a subbasis, where IH ∈ τ 1 and U ∈ O(Z).
Step 2. Let
We denote by O 2 (F 2 ) the set
Let τ 2 be a topology on O 2 (F 2 ). By t F 2 (τ 2 ) we denote the topology on C(Y, Z) for which the family of all sets of the form
forms a subbasis, where IH ∈ τ 2 and U ∈ O(Z).
We continue in the same manner to a Step 3, Step 4, etc.
Step n will look as follows.
Step n. Let
In addition, we denote by O n (F n ) the set
Let τ n be a topology on O n (F n ). By t Fn (τ n ) we denote the topology on C(Y, Z) for which the family of all sets of the form
forms a subbasis, where IH ∈ τ n and U ∈ O(Z). 
The family
We consider the topology t(τ 0 ) on C(Y, S) which has as subbasis the family of all sets of the form
where IH ∈ τ 0 and U ∈ {∅, {1}, {0, 1}}.
• Let
We then consider the topology τ 1 = {∅, {F 1 }} on O 1 (F 1 ) and define, using the Step 1, the topology t F 1 (τ 1 ) on the set C(Y, S) as follows:
The F 1 (τ 1 )-family-open topology t F 1 (τ 1 ) on C(Y, S) has as subbasis the family of all sets of the form
where IH ∈ τ 1 and U ∈ {∅, {1}, {0, 1}}.
We observe that t
. Indeed, we observe that
.
• Now, let
We consider the topologies
) and define, using the Step 1, the topologies
• Finally, let
We then consider the topology τ 2 = {∅, {F 2 }} on O 2 (F 2 ) and define, using the Step 2, the topology t
(2) Let S = {0, 1} with the topology τ = {∅, {1}, S} and let Y = {a, b} with the topology
The Scott topology on O(Y ) is the family
Therefore, the Isbell topology on C(Y, S) is the family
contains the following elements:
We consider the poset (O 1 (F 1 ), ⊆). We observe that the Scott topology
(3) Let S be the Sierpiński space, Y = R with the usual topology,
We consider the set O 1 (F 1 ) = {O 1 (U) : U ∈ O(R)} and the topology
. We observe that
3 Basic remarks for the F n (τ n )-family-open topologies Proposition 3.1 Let Y and Z be two topological spaces, τ n an arbitrary topology on O n (F n ), where n = 1, 2, . . . , and τ n+1 ⊆ P(O n+1 (F n+1 )) the family, containing the empty set, which is defined as follows
Then, the following statements are true:
Since τ n is a topology on O n (F n ) and
(2) Let g ∈ C(Y, Z) and < IH, U > n+1 be a subbasic open set of the topology t F n+1 (τ n+1 ), such that g ∈< IH, U > n+1 . Consider the set
Then, IH ′ ∈ τ n . We prove that
First, we prove that g ∈< IH ′ , U > n . Since
we have that
The proofs for (3) and (4) are a straightforward verification of statement (2).
Proposition 3.2 Let τ n be a topology on the set O n (F n ). Then, the mapping h n :
is continuous, open and onto.
Proof. First we prove that the mapping h n is continuous. Let IH ∈ τ n . Then,
which shows continuity. Now, we prove that the mapping h n is open. Let
It follows that O n (U) ∈ h n (< IH, {1} > n ). Hence, IH ⊆ h n (< IH, {1} > n ). So, we have that h n (< IH, {1} > n ) = IH. Similarly, we can prove that h n is onto.
Proposition 3.3 Let τ n be a topology on the set O n (F n ). If the map Φ Fn is one-to-one, then the mapping h n :
Proof. Suppose that the map Φ Fn is one-to-one. By Proposition 3.2 it suffices to prove that the map h n is one-to-one. Proof. By Proposition 3.3 it suffices to prove that the map Φ Fn is one-toone. Let U, V ∈ O(Y ) such that U = V . We prove that Φ Fn (U) = Φ Fn (V ). Indeed, following our construction we have the following steps:
Step 1. Since F 1 = τ 0 , the families O 1 (U) and O 1 (V ) are the filters of open neighborhoods of U and V , respectively, in the topology τ 0 . Since the topology τ 0 on the set O(Y ) is T 0 , we get that
Step 2. Since F 2 = τ 1 , the families O 2 (U) and O 2 (V ) are the filters of open neighborhoods of O 1 (U) and O 1 (V ), respectively, in the topology τ 1 . Since the topology τ 1 on the set
Step n will be as follows.
Step n. Since F n = τ n−1 , the families O n (U) and O n (V ) are the filters of open neighborhoods of O n−1 (U) and O n−1 (V ), respectively, in the topology τ n−1 . Since the topology τ n−1 on the set Definition 4.1 Let τ n be a topology on the set O n (F n ). We say that a map
is continuous with respect to the first variable if, for every fixed element U of O(Z), the map M U : X → (O n (F n ), τ n ), for which M U (x) = M(x, U) for every x ∈ X, is continuous. Notation 4.1 Let X be an arbitrary topological space. If F : X ×Y → Z is a continuous map, then by F n we denote the map from
x (U)), for every x ∈ X and U ∈ O(Z). Proof. Suppose that the topology t Fn (τ n ) on C(Y, Z) is A-splitting, X is an element of A and F : X × Y → Z is a continuous map. We must prove that the map F n : X × O(Z) → O n (F n ) is continuous with respect to the first variable. For this, let U be a fixed element of O(Z), x ∈ X, IH ∈ τ n , and also let (
We consider the open set < IH, U > n of the space C t Fn (τn) (Y, Z). Then
Since the topology t Fn (τ n ) is A-splitting, the map F : X → C t Fn (τn) (Y, Z) is continuous. Thus, there exists an open neighborhood V of x, in X, such that F (V ) ⊆< IH, U > n . We will prove that
But this implies that
Conversely, suppose that for every element X, of A, the continuity of the map F : X × Y → Z implies the continuity of the map F n , with respect to the first variable. We will prove that the topology t Fn (τ n ) on C(Y, Z) is A-splitting. For this, let X ∈ A and let also F : X × Y → Z be a continuous map. We need to prove that the map F :
By assumption, the map F n is continuous with respect to first variable. Thus, there exists an open neighborhood V of x, in X, such that
We will now prove that
Corollary 4.1 Let τ n a topology on O n (F n ), where n = 1, 2, . . . . Then, the topology t Fn (τ n ) on C(Y, Z) is splitting, if and only if for every space X the continuity of the map F : X × Y → Z implies the continuity of the map
, with respect to the first variable. x (U) for every x ∈ X, is continuous.
Remark 4.1
We observe that for every n = 1, 2, . . . the pair (O n (F n ), ⊆) is a partially ordered set. This allows us to consider the Scott topology on the set O n (F n ). 
Proof. Let X ∈ A and let F : X × Y → Z be a continuous map. Using Proposition 4.1 it suffices to prove that the map F n : X × O(Z) → O n (F n ) is continuous with respect to the first variable. Indeed, let U ∈ O(Z). For every x ∈ X we have
So, it suffices to prove that the map F * is Scott continuous with respect to the first variable. Let x ∈ X, let IH be a Scott open set in O(Y ) and let (F * ) U (x) ∈ IH. We will find an open neighborhood V of x ∈ X, such that (
that is F (x) ∈ (IH, U). Since the Isbell topology on the set C(Y, Z) is splitting, the map F :
which is equivalent to say that (F * ) U (y) ∈ IH. Therefore, the map F * is Scott continuous with respect to the first variable and this finishes the proof.
Corollary 4.2 If the map Φ
is splitting, for any topological space Z.
which finishes the proof.
Lemma 4.2 Let τ Sc (O(Y )) be the Scott topology on O(Y ) and let
where Λ is the set of all finite subsets of A.
Proof. By Lemma 4.1 it is clear that
We prove that 
Proof. By Proposition 4.2, it suffices to prove that the map
is Scott continuous. Let IH be a Scott open set on O 1 (F 1 ). We prove that the set
is Scott open in O(Y ). For this, it suffices to prove that IH ′ satisfies the two conditions from the definition of Scott topology.
where Λ is the set of all finite subsets of A. Since IH is a Scott open set, there exist λ 1 , . . . , λ n elements of Λ such that
Also, since
and IH is a Scott open set in O 1 (F 1 ), we have that
which means that
Therefore, 
for every x ∈ X and U ∈ O(Z).
Proposition 5.1 Let A be an arbitrary family of topological spaces and τ n a topology on O n (F n ), where n = 1, 2, . . . . The topology t Fn (τ n ), on C(Y, Z), is A-jointly continuous, if and only if for every space X ∈ A, the continuity of the map G n , with respect to the first variable, implies the continuity of the map G : X × Y → Z.
Proof. Suppose that the topology t Fn (τ n ) on C(Y, Z) is A-jointly continuous, X is an element of A and let G n : X × O(Z) → O n (F ) be a continuous map, with respect to the first variable. We will prove that the map G : X × Y → Z is continuous. But, since the topology t Fn (τ n ) on C(Y, Z) is Ajointly continuous, it suffices to prove that the map G : X → C t Fn (τn) (Y, Z) is continuous. Indeed, let x ∈ X, U ∈ O(Z) and let IH ∈ τ n , such that G(x) ∈< IH, U > n . We need to find an open neighborhood V of x, in X, such that G(V ) ⊆< IH, U > n . But it is true that O n ((G(x)) −1 (U)) ∈ IH and, since the map G n : X ×O(Z) → O n (F ) is continuous with respect to the first variable and O n ((G(x)) −1 (U)) ∈ IH, there exists an open neighborhood V of x, in X, such that (G n ) U (V ) = G n (V × {U}) ⊆ IH.
It remains to prove that G(V ) ⊆< IH, U > n . Indeed, let x ′ ∈ V . Then
or, equivalently, G(x ′ ) ∈< IH, U > n .
Conversely, suppose that for every space X ∈ A the continuity of the map G n , with respect to the first variable, implies the continuity of the map
We prove that t Fn (τ n ) is A-jointly continuous. Let X ∈ A and let
be a continuous map. We prove that the map G : X × Y → Z is continuous. For this, it suffices to prove that the map
is continuous with respect to the first variable. Indeed, let x ∈ X, U ∈ O(Z) and let IH ∈ τ n , so that (G n ) U (x) = G n (x, U) ∈ IH.
We must find an open neighborhood V of x, in X, such that G n,U (V ) ⊆ IH.
By considering the open set < IH, U > n , of the space C t Fn (τn) (Y, Z), we get that G(x) ∈< IH, U > n . But, since the map G : X → C t Fn (τn) (Y, Z) is continuous and G(x) ∈< IH, U > n , there exists an open neighborhood V of x, in X, such that G(V ) ⊆< IH, U > n . We now prove that
Indeed, let x ′ ∈ V . Then, G(x ′ ) ∈< IH, U > n or, equivalently
Thus, G n (x ′ , U) ∈ IH and, therefore G n (V × {U}) ⊆ IH.
Corollary 5.1 Let τ n be a topology on O n (F n ), where n = 1, 2, . . . . The topology t Fn (τ n ) on C(Y, Z) is jointly continuous if and only if, for every space X, the continuity of the map G n , with respect to the first variable, implies the continuity of the map G : X × Y → Z.
Some Open Problems
In the past years, there has been a great deal of progress in the field of function spaces. There are several papers on this area (see, for example, [3] - [8] , [10] , [11] , [13] , [16] , [19] , [20] ). In this section we give some problems concerning F n (τ n )-family-open topologies.
